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A simple calculation gives the first several functions ¢, (z):
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It is easy to see from this expression that o, (x) is the product of e "2 7 *
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D-1.  Mean values and root mean square deviations of X and P in a state |p,)

Neither X nor P commutes with H, and the eigenstates |¢,,) of H are not eigen-

states of X or P. Consequently, if the harmonic oscillator is in a stationary state |p,,),

a measurement of the observable X or the observable P can, a priori, yield any result
(since the spectra of X and P include all real numbers). We shall now calculate the mean

values of X and P in such a stationary state and then their root mean square deviations
AX and AP, which will enable us to verify the uncertainty relation.

As we indicated in § C-1-c, we shall perform these calculations with the help of
the operators a and af. As far as the mean values of X and P are concerned, the result

follows directly from formulas (C-22), which show that neither X nor P has diagonal

matrix elements:

<(Pn|X|99n> =0
=0

(¢nlPlen) (D-1)

To obtain the root mean square deviations AX and AP, we must calculate the mean

values of X2 and P?:

(AX)2 = <<Pn|X2|90n> - (<<Pn|X|99n>)2 = <90n|X2|99n>

(AP)2 = <§0n|P2|‘Pn> - (<99n|P|90n>)2 = (90"|P2|90n> (D-2)

Now, according to (B-1) and (B-7):

h
X? = 2mw(aT +a)(a’ +a)

h
= _— (a4 aa' +a'a + a?)

2mw

= Tt a)(af — a)

2

huw
= _m2 (a'? —aa’ —a'a + a?) (D-3)




The terms in a? and a'? do not contribute to the diagonal matrix elements, since a?|p,,)
is proportional to |¢,_2), and a'?|p,) to |¢,42); both are orthogonal to |¢,). On the
other hand:

(cpn|(a1a + aaT)|<pn> = (gpn|(2aTa + 1)|‘Pn>

=2n+1 (D-4)
Consequently:
(AX)? = (0] X2|pn) = <n s 1) A (D-50)
2) mw
(@PP = (galP o) = (n+ 5 ) i (D-5b)
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D-3. Time evolution of the mean values /< 5 —
= 4
Consider a harmonic oscillator whose state at ¢t = 0 is: _ _,)ﬁ/ EJ"/*T 5"‘:"" \]T """J
N (DAY = e
[¥(0)) = ea(0)|pn) (D-22) 0
n=0 / o™ X S0 © \
% © oD -
(|12(0)) is assumed to be normalized). Its state |¢)(t)) at t can be obtained by using rule ( I 0 é XLQ )__,_( \
(D-54) of Chapter III: hxy GY —
. ~ 0O (f o \ /
b(t)) = W (0) et Entih g > 6 °
WO =2 a0 [n) .
> —i (n-!-%)wt
= Z cn(0)e - I‘r’"u) (D-23)
n=0
NG ;
The mean value of any physical quantity A is therefore given as a function of time
by:
o0 oo ] 's . . : k
@A) = D> e (0) cn(0) Ay et (D-24) ? _hw\\;;gv\ Ttne  ona {ot vaon s/ o by
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